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Exercise 1. Let S ⊆ Rn be a nonempty closed convex set, and let x ∈ Rn. Prove that

(a) there exists x∗ ∈ S such that

∥x− x∗∥2 = inf
y∈S

∥x− y∥2;

(b) this closest point x∗ is unique.

Exercise 2. Let S ⊆ Rn be a nonempty closed convex set. Given x ∈ Rn, prove that x∗ ∈ S is the closest

point to x if and only if

⟨x− x∗, y − x∗⟩ ≤ 0 for all y ∈ S.

Exercise 3 (Separation Theorem). Let S ⊆ Rn be a nonempty closed convex set, and let x /∈ S. Prove that

there exists v ̸= 0 and α ∈ R such that

sup
y∈S

⟨v, y⟩ < α < ⟨v, x⟩.

Thus, the hyperplane H = {z | ⟨v, z⟩ = α} strictly separates S and x.

Exercise 4. Let S1, S2 ⊆ Rn be nonempty, disjoint, compact convex sets. Prove that there exists v ̸= 0 such

that

max
x∈s1

⟨v, x⟩ < min
y∈S2

⟨v, y⟩

Exercise 5. Show that the conclusion in Exercise 4 remains valid if one set is compact convex and the other

is closed convex.

Exercise 6. Let S1 = {x ∈ R2 | x2 ≤ 0} and S2 = {x ∈ R2 | x1 · x2 ≥ 1 and x1 ≥ 0}.

(a) Prove that S1 and S2 are nonempty, disjoint closed convex sets.

(b) Show that there are no v ̸= 0 and α ∈ R such that

⟨v, x⟩ < α < ⟨v, y⟩ for all x ∈ X1, y ∈ S2.

(c) Find v ̸= 0 and α ∈ R such that

⟨v, x⟩ ≤ α ≤ ⟨v, y⟩ for all x ∈ X1, y ∈ S2.

Can either inequality be made strict for every point in the corresponding set?

Optimality conditions for the dual program

In the following consider the following primal problem

min
x∈Rn

f0(x)

subject to fi(x) ≤ 0, i = 1, . . . ,m,

hi(x) = 0, i = 1, . . . , k

The Lagrangian associated with the problem is defined as:

L(x, λ, µ) := f0(x) +

m∑︂
i=1

λi · fi(x) +
k∑︂

i=1

µi · hi(x).

The Lagrangian dual function is defined as:

g(λ, µ) := inf
x∈Rn

L(x, λ, µ).
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The dual problem associated with the primal problem is

max
0≤λ∈Rn

µ∈Rn

g(λ, µ).

Let be the primal and dual optimal values be

p∗ = inf{f0(x) | x is feasible}, d∗ = max
0≤λ∈Rn

µ∈Rn

g(λ, µ).

Weak duality states that d∗ ≤ p∗. Strong duality holds when d∗ = p∗.

Exercise 7. Prove that the dual function g is concave in (λ, µ), even when the primal problem is not convex.

Exercise 8 (Complementary slackness). Assume that strong duality holds, x∗ is a primal optimal solution and

(λ∗, µ∗) is a dual optimal solution. Prove that

(a) x∗ is a minimizer of L(x, λ∗, µ∗);

(b) λ∗
i · fi(x∗) = 0 ∀i, in particular,fi(x

∗) < 0 implies λ∗
i = 0, and λ∗

i > 0 implies fi(x
∗) = 0.

KKT (Karush-Kuhn-Tucker) conditions

In the following assume that f0, f1, . . . , fm and h1, . . . , hk are all differentiable.

Exercise 9. Assume that strong duality holds, x∗ is a primal optimal solution and λ∗, µ∗ is a dual optimal

solution. Prove that ∇xL(x
∗, λ∗, µ∗) = 0.

If strong duality holds and x∗ and (λ∗, µ∗) are primal and dual optimal solutions, respectively, then they satisfy

the following KKT conditions.

(i) fi(x
∗) ≤ 0 for all i = 1 . . .m, hi(x

∗) = 0 for all i = 1 . . . k;

(ii) λ∗
i ≥ 0 for all i = 1 . . .m;

(iii) λ∗
i fi(x

∗) = 0 for all i = 1 . . .m;

(iv) ∇xL(x
∗, λ∗, µ∗) = 0.

Exercise 10. Suppose that f0, . . . , fm are convex and differentiable and that h1, . . . , hk are affine (so the

program is convex). Prove that if (x∗, λ∗, µ∗) satisfies the KKT conditions, then x∗ is primal optimal, (λ∗, µ∗)

is dual optimal, and strong duality holds.
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