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Exercise 1. Show that f ∈ Rn → R is convex if and only if g(t) := f(ty+ (1− t)x), t ∈ [0, 1] is convex for any

x, y ∈ dom(f).

Exercise 2. Prove that

(a) eax is convex on R for any a ∈ R,

(b) log(x) is concave on R>0,

(c) x log(x) is convex on R>0.

Exercise 3. For a ∈ R, determine for which values of a the function fa(x) = xa, x > 0, is convex, concave of

both.

Exercise 4. Show the following.

(a) (Nonnegative weighted sum) If wi ≥ 0 and fi is convex for every i, then f =
∑︁

i wifi is convex.

(b) (Affine mapping) If f is convex, then g(x) = f(Ax+ b) is convex.

(c) (Pointwise maximum) If fi is convex for every i, then f(x) = maxi{fi(x)} is convex.

(d) (Composition) If g is convex and h is convex and non-decreasing, then f(x) = h(g(x)) is convex.

Exercise 5. Let S, T ⊆ Rn be nonempty convex sets. Prove that the Minkowski sum

S + T := {x+ y | x ∈ S, y ∈ T}

is convex.

Exercise 6. Prove that

(a) for an arbitrary set S ⊆ Rn, the polar set

S∗ = {y ∈ Rn | yTx ≤ 1 ∀x ∈ S}

is convex,

(b) B∗ = {x ∈ Rn | ∥x∥∗ ≤ 1}, where B := {x ∈ Rn | ∥x∥ ≤ 1} for a given norm ∥ · ∥.

Exercise 7. Let us consider the following functions:

f1(w1, w2) =
1

2
w2

1 +
7

2
w2

2

f2(w1, w2) = 100(w2 − w2
1)

2 + (1− w1)
2 (Rosenbrock’s function)

f3(w1, w2) =
1

2
w2

1 + w1 cosw2.

(a) Calculate the gradient of the functions.

(b) Determine the global minimum of the functions.

(c) Are these function convex?

Exercise 8. Prove that for an arbitrary function f : Rn → R, the conjugate function

f∗(y) = sup{yTx− f(x) | x ∈ dom(f)}

is convex.

Exercise 9. Given a convex, differentiable function F : K → R over a convex subset K of Rn, the Bregman

divergence of x, y ∈ K is defined as DF (x, y) = F (x)−F (y)− ⟨∇F (y), x− y⟩. Prove that DF (x, y) ≥ 0. Define

a function F for which DF (x, y) =∥ x− y ∥22.
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