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1 Introduction

Ramsey theory is a branch of combinatorics that studies the appearance of order within sufficiently large
structures. Here we focus on graphs as our primary objects. A central question in graph Ramsey theory is:
which subgraphs must inevitably appear in any graph that is large enough?

Theorem 1 (Ramsey’s Theorem 1930 [2]). For given positive integers k, l ∈ Z+, there exists a smallest
integer R(Kk,Kl) such that if n = R(Kk,Kl), then for every graph G on at least n vertices: Kk ⊆ G or
Kl ⊆ G.

Theorem 2 (Erdős-Szekeres [2]). R(Kk,Kl) ≤ R(Kk−1,Kl) +R(Rk,Kl−1)

Corollary 3. [2] R(Kk,Kl) ≤
(
k+l−2
k−1

)
Definition 4 (Ramsey number). Let H1, H2 be arbitrary graphs. Let R(H1, H2) denote the smallest integer,
such that if n = R(H1, H2), then for any graph G on n vertices: H1 ⊆ G or H2 ⊆ G.

Theorem 5. [1] Let s, t be positive integers, and let T be a tree on t vertices. Then R(T,Ks) = (s− 1)(t−
1) + 1

Proof. ”≥”: Consider the disjoint union of s − 1 complete Kt−1 graphs. It contains no copy of T and the
complement (s− 1)-partite graph contains no Ks.
”≤”: Consider a graph G on n = (s− 1)(t− 1) + 1 vertices whose complement contains no Ks. As a result
in any vertex coloring of G, at most s−1 vertices can have the same color. Therefore χ(G) ≥ ⌈n/(s−1)⌉ = t.

Lemma. Every graph G has a subgraph of minimum degree at least χ(G)− 1.

By the lemma G has a subgraph H, which has a minimum degree t− 1. We can prove by induction on
t that a graph with minimum degree t− 1 must contain T as a subgraph. The base case is trivial. Assume
that for all |T ′| = t− 1 the statement holds. Let T ′ be the tree that we get by deleting a leaf node v of T .
The minimum degree of G is at least (t− 1)− 1, so it contains T ′ as a subgraph. Consider the vertex u, for
which uv is an edge of T . The degree of u in G is at least t − 1, while in T it is at most t − 2, so we can
choose a v ∈ G− T ′, such that v + T ′ = T .

2 Ramsey numbers of graphs with bounded maximum degree

Theorem 14 provides a relatively good upper bound for the Ramsey numbers of graphs with bounded
maximum degree. For the proof we must introduce the regularity lemma and the necessary definitions:

Definition 6. Let G = (V,E) be a graph. For disjoint sets X,Y ⊆ V let ∥X,Y ∥ denote the number of
edges between X and Y , then the density of the pair (X,Y ) is:

d(X,Y ) :=
∥X,Y ∥
|X||Y |

Definition 7. [1] A pair (A,B) is ϵ-regular if for all X ⊆ A, Y ⊆ B with |X| ≥ ϵ|A| and |Y | ≥ ϵ|B|, we
have:

|d(X,Y )− d(A,B)| ≤ ϵ

The edges in an ϵ-regular pair are thus distributed fairly uniformly.
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Definition 8. [1] An ϵ-regular partition of V is a partition {V0, V1, . . . , Vk} such that:

1. |V0| ≤ ϵ|V | (the exceptional set);

2. |V1| = · · · = |Vk|;

3. All but at most ϵk2 of the pairs (Vi, Vj) are ϵ-regular.

Lemma 9 (Regularity Lemma [1]). For every ϵ > 0 and every integer m ≥ 1, there exists an integer M such
that every graph having at least m vertices admits an ϵ-regular partition {V0, V1, . . . , Vk} with m ≤ k ≤ M .

Note that M does not depend on the graph, so for large graphs the partition sets must be large too.

Definition 10. [1] Let G be a graph with ϵ-regular partition {V0, V1, . . . , Vk} and |Vi| = ℓ for i ≥ 1. The
regularity graph R with parameters ϵ, ℓ,d is the graph on {V1, . . . , Vk} where ViVj ∈ E(R) if and only
if (Vi, Vj) is an ϵ-regular pair with density ≥ d, for d ∈ [0, 1].

Definition 11. [1] Given s ∈ N, the inflated regularity graph Rs is obtained by replacing each vertex
Vi ∈ R with a set V s

i of s vertices and each edge with a complete bipartite graph between the corresponding
s-sets.

The following lemma says that subgraphs of Rs can also be found in G provided that d > 0, that ϵ is
small enough and that Vi are large enough.

Lemma 12. [1] For all d ∈ (0, 1] and ∆ ≥ 1, there exists ϵ0 > 0 such that if:

• G is any graph, s ∈ N;

• H is a graph with ∆(H) ≤ ∆;

• R is a regularity graph of G with parameters ϵ ≤ ϵ0, ℓ ≥ 2s/d∆, and d;

then
H ⊆ Rs =⇒ H ⊆ G

Theorem 13 (Turán). [2] If a graph G on k vertices contains no Km, then |E(G)| ≤ |E(Tk,m−1)|, where
Tk,m−1 is the complete m − 1-partite graph with its partition sets having a cardinality difference of at most
1 and |E(Tk,m−1)| ≤ 1

2k
2(1− 1

m−1 ).

Theorem 14 (Chvátal, Rödl, Szemerédi, Trotter 1983 [1]). For every positive integer ∆ there is a constant
c such that R(H,H) ≤ c|H|, for all graphs H with ∆(H) ≤ ∆.

Proof. Let ∆ ≥ 1 be given. We define the constants (all depending on ∆) with which we will use the lemmas.

• ϵ0 := output of Lemma 12 for the input ∆, d = 1
2

• m := R(K∆+1,K∆+1)

• 0 < ϵ ≤ ϵ0, such that 2ϵ < 1
m−1 − 1

m and thus 2ϵ < 1
m−1 − 1

k ∀k ≥ m

• M := output integer of the regularity lemma for the input ϵ,m

• c := 2∆+1M
1−ϵ

Let H with ∆(H) ≤ ∆ be given and let s := |H|. Let G be an arbitrary graph on n ≥ c|H| = cs vertices.
We show that either H ⊆ G or H ⊆ G.
By the regularity lemma G has an ϵ-regular partition {V0, V1, . . . , Vk}, with m ≤ k ≤ M . Let ℓ := |V1|.

ℓ =
n− |V0|

k
≥ n

1− ϵ

M
≥ cs

1− ϵ

M
= 2∆+1s =

2s

d∆
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Let R be the regularity graph of G with parameters ϵ, ℓ, 0 for this partition. R has k vertices and E(R)
edges for which:

|E(R)| ≥
(
k

2

)
− ϵk2 =

1

2
k2(1− 1

k
− 2ϵ) >

1

2
k2(1− 1

k
− 1

m− 1
+

1

k
) ≥ |E(Tk,m−1)|

where |E(Tk,m−1)| is the number of edges of the m − 1 partite Turán graph on k vertices. As a result R
contains a K := Km as a subgraph.
Color the edges of R with 2 colors: an edge is red if the corresponding pair of partition sets has a density of at
least 1

2 , and it is green otherwise. Let R′ be the spanning subgraph of R formed by the red edges and let R′′

be the spanning subgraph of R formed by the green edges and those red edges which correspond to a density
of exactly 1

2 . R
′ is the regularity graph of G with parameters ϵ, ℓ, 1

2 and since dG(X,Y ) = 1− dG(X,Y ) R′′

is the regularity graph of G with parameters ϵ, ℓ, 1
2 .

By the definition of m, K has a monochromatic K∆+1 as a subgraph. Since χ(H) ≤ ∆ + 1, it also has a
monochromatic Kχ(H). As a result either H ⊆ R′

s or H ⊆ R′′
s , since each color class of H can be included

in an s-set and 2 originally connected s-sets form a complete bipartite graph, so the necessary edges of H
exist in R′

s or R′′
s . To finish the proof we can apply Lemma 12 to either R′ or R′′ to obtain that H ⊆ G or

H ⊆ G.
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