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1 Minors and topological minors

A central question of structural graph theory is: which substructures must appear in every sufficiently rich
graph? In this presentation we look at two complementary answers from Diestel [1]: density (Section 7.2)
and linkability (Section 3.5).

Definition 1. Let H and G be graphs. We say that H is a minor of G, written H < G, if there are pairwise
disjoint vertex sets V, C V(G) for x € V(H), called branch sets, such that each G[V,] is connected and for
every edge xy € E(H) there is at least one edge of G between V, and V. If every V, induces a path or a
single vertex, then H is a topological minor of G.

Example 2. K5 and K33 are exactly the forbidden minors for planar graphs (Wagner), and also exactly
the forbidden topological minors (Kuratowski).

Every topological minor is a minor; the converse fails in general but holds whenever A(H) < 3.

2 Density forces minors (Section 7.2)

Let d(G) = 2|E(G)|/|V(G)| denote the average degree of G. The following standard observation is used
repeatedly: dense graphs always contain a subgraph in which the average-degree bound is realised at every
vertex.

Lemma 3. FEvery graph G contains a subgraph G' C G with 6(G') > d(G)/2.

Proof. Tteratively delete vertices of degree less than d(G)/2. Each deletion strictly increases the average
degree, so the process terminates with a non-empty subgraph of the required minimum degree. O

The main result of Section 7.2 is that high average degree alone is enough to force every complete graph
as a minor.

Theorem 4 (Mader, 1967). For every r € N, every graph G with d(G) > 272 satisfies K, < G.

Proof sketch. Induction on r, the cases r < 2 being trivial. Given G with d(G) > 2772, find a small-radius
connected subgraph H C G such that contracting H to a single vertex yields a graph G’ with d(G’) > 2773.
By induction K,_; < G’, and the contracted vertex extends this model to a model of K, in G. O

A topological-minor analogue holds for » < 4 but fails in general; the right statement, also due to Mader,
is that some function of d(G) forces K, as a topological minor as long as r is fixed.

The next lemma bridges density and connectivity and is the missing step that turns Theorem 4 into a
tool for the synthesis.

Lemma 5. For every k € N, every graph G with 6(G) > 4k contains a (k + 1)-connected subgraph.

Proof idea. Among all subgraphs H of G with |V(H)| > 2k and || H| > (2k — 1)|V(H)| — (22k) choose one
minimising |V (H)|. A short edge-count shows that H is (k 4 1)-connected. O



3 Connectivity and linkability (Section 3.5)

We now turn from density to a routing question: given prescribed pairs of vertices, when can we join them
by internally disjoint paths?

Definition 6. G is k-connected if |V(G)| > k and G — X is connected for every X C V(G) with |X| < k.
The connectivity x(G) is the largest such k.

Definition 7. G is k-linked if |[V(G)| > 2k and for every choice of 2k distinct vertices s1,..., Sk, t1,...,tk
there exist pairwise internally disjoint paths Py, ..., Py such that P; runs from s; to ¢;.

Menger’s theorem provides k disjoint paths between two vertex sets of size k, but does not let us prescribe
the pairing. The next example shows that k-connectivity is therefore strictly weaker than k-linkedness.

Example 8. The 4-cycle Cy on vertices sy, ta, $2,t1 (in cyclic order) is 2-connected. The two disjoint paths
between {s1,s2} and {¢1,t2} are forced to be the two arcs of the cycle, which pair s; with ¢5 and sy with ¢;.
So Cy is not 2-linked, even though it is 2-connected.

The gap between connectivity and linkability is, however, only a constant factor.
Theorem 9 (Bollobds—Thomason; Thomas—Wollan). Every 10k-connected graph is k-linked.

Proof idea. Use the connectivity reserve to extract, by repeated contractions and Menger-type arguments,
a highly connected topological minor inside which the prescribed pairs can be routed greedily as internally
disjoint paths. O

4 Synthesis

The two strands combine to give a uniform recipe for finding a fixed minor in any sufficiently dense graph.
Density, via Lemma 3 and Theorem 4, supplies a highly connected subgraph; linkability (Theorem 9) lets
us realise the edges of the target graph as internally disjoint paths between the chosen branch sets. Density
provides the raw material, linkability provides the routing power.

Theorem 10. For every graph H there exists a constant ¢ = ¢(H) such that
dG)>c = H=XG.
Proof sketch. Set r = |V (H)| and k = |E(H)|, and let ¢ be large enough that the chain

d(G) large Lem. 3, 0(Gh) large Lem. 5, k(G2) > 10k A9y Gy is k-linked

holds for some sequence of subgraphs G O G; 2 G3. By Theorem 4, G5 also contains K, as a minor, so we
may pick r disjoint connected branch sets together with edges between them. Theorem 9 then routes the
k edges of H as internally disjoint paths between prescribed ports in these branch sets, which absorb the
paths to form a model of H in G. O
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