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1 Introduction

Suppose that we have a parameterized problem whose instances are pairs (z, k), where x is the main part of the
input and & € N is the parameter. Let n = |z|.

Definition 1. An algorithm is fixed-parameter tractable (FPT) if its running time is O(f(k) - poly(n)) for some
(computable) function f [3]. We can also use the notation O*(f(k)) = O(f(k) - poly(n)).

Remark 2. If P # NP, then there is no FPT algorithm for the k-coloring problem [3].

Remark 3. The k-clique problem (i.e., does the graph contain a clique of size k?) can be solved in polynomial
time for every fixed k, but no FPT algorithm is known [3].

2 Cluster editing

Problem 1. Given a simple graph G = (V, E) and an integer k, decide if G can be transformed into a cluster,
i.e. a disjoint union of cliques, using at most k operations, where each operation is either an edge insertion or an
edge deletion.

Lemma 4. A graph G = (V, E) is a cluster if and only if it does not contain Ps as an induced subgraph.

Proof. (=) Suppose that G is a cluster and ab,bc € E. Then a and c are in the same clique, so ac € E.
(<) Suppose that G is not a cluster. Then there exist a,b in the same component such that ab ¢ E. Take a
shortest path P between a and b. The first 3 vertices of P induce a Ps in G. O

The algorithm [2] for (G, k):
1. Find an induced Ps in G, say (a,b,c). If it does not exist, return true.

2. If k = 0, return false. Otherwise, call the procedure with (G —ab,k—1), (G —be,k—1) and (G +ac,k —1)
recursively, and return true iff at least one of the calls returned true.

Proposition 1. The running time of the above algorithm is O(3* - (n +m)). O

3 Fixed-length paths

Problem 2. Given a digraph D = (V, A), a source s (with op(s) = 0), a sink ¢ (with dp(¢) = 0), and an integer
k, decide if there is an s-t path with exactly k inner vertices.

We will use a randomized technique called color coding [1]. Namely, we color the elements of V' — {s,t} with
k colors randomly. Observe that any colorful s-t walk (i.e., an s-t walk that uses each color exactly once) is a
path with exactly & inner vertices.

Notes 5. We can decide whether there exists a colorful walk in time O(2% - (n+m)) using dynamic programming.
(Compute f, where f(u,C) indicates whether there is a u-t walk that uses each color in C' exactly once.)

Repeat the above procedure several times, and return true iff we found a colorful walk in at least one coloring.

Lemma 6. Suppose that there exists a solution, i.e., an s-t path with exactly k inner vertices. Then, if we try
te® random colorings, the probability of success is at least 1 — e~ t.

Proof. Let P be a solution. In a random coloring, the probability that P is colorful is k!/k* > e~*. Using the
inequality 1 4+ z < e®, the probability of success after te tries is at least

—k

—k te® —e Fyter —t
I—(1—e®)" >1—(e ) =1—e".

Remark 7. This algorithm can be derandomized using k-perfect hash functions [1].



4 Feedback vertex sets

Problem 3. Given a graph G = (V, E) and an integer k, find a feedback vertex set (FVS), i.e., a subset Z of
vertices such that G — Z is a forest, of size at most k.

We use a technique called iterative compression [5]. Let V.= {vy,...,v,}, Vi = {v1,...,v;}, and G; = G[V;].
In the ith step, we try to find an FVS in G;:

1. Suppose we already computed an FVS S” in G;_; with |S’| < k. Then S = 5" + v; is an FVS in G;.
2. If |S| < k, we are done; otherwise we try to find a reduced (“compressed”) solution R as follows:

e We iterate over all possible intersections C' := RN S.

e For a given C, consider the graph H = G; — C. We want to find an FVS T in H that is disjoint from
X=8-Cand |T|<k—|C|=2".

In the last step, we need to solve the following subproblem: given a graph H, an FVS X in H, and an integer ¢,
find an FVS T C V(H) — X of size at most ¢.

Observation 8. The problem is trivial if £ = 0 or H[X] contains a cycle or H does not contain a cycle. Otherwise,
we apply the following reductions whenever possible:

o If H[X + v] contains a cycle for some v ¢ X, then we must include v in our solution; therefore we delete v
from H and decrease ¢ by 1.

o If dy(v) <1 for some v ¢ X, then we can delete v.

o If dy(v) =2 for some v ¢ X, and at least one neighbor of v is outside X, then we can split off at v.
The algorithm [4] for (H, X, £):

1. Handle the base cases and apply the reductions of Observation 8, obtaining H’ and ¢'.

2. Pick a vertex v ¢ X with dg/_x(v) < 1. (Such a v exists since H' — X is a forest.)

3. Since v is either included or excluded from the solution, we call the procedure with (H' — v, X, ¢’ — 1) and
with (H', X + v, ') recursively. (If neither call finds a solution, then it does not exist.)

Proposition 2. The running time of the above procedure is O*(2|X|+€).

Proof. Consider the two recursive calls. If we include v in the solution, ¢’ decreases by 1. If we exclude v, i.e.
include v in X, then the number of connected components ¢(X) of H'[X] decreases by at least 1 (since by our
reductions, v has at least 2 neighbors in X, which are not in the same component of H'[X]). In both cases,
0 + ¢(X) strictly decreases. O
Proposition 3. The running time of the entire algorithm is O*(5%).

Proof. Consider the ith step of the algorithm. For a given C' of size ¢, we spend

O* (2(k+17t)+(k7t)) —O* (; .4k+1t) —O* (4k+17t)

time. The number of sets C' C S of size t is (kjl). Hence, by the binomial theorem, the ¢th step of the algorithm

runs in O*((4 + 1)**1) = O*(5%*+1) = O*(5%), and the total running time over all i is O*(n - 5%) = O*(5%). O
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