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Question 1

Let F : K → R be a convex, differentiable function. Prove that DF (x , y) ⩾ 0.

Recall. DF (x , y) = F (x)− F (y)− ⟨∇F (y), x − y⟩.

Since F is convex, we know by the first order condition that for x , y ∈ K

F (x) ⩾ F (y) + ⟨∇F (y), x − y⟩
⇒ F (x)− F (y)− ⟨∇F (y), x − y⟩ ⩾ 0



Question 2

Define a function F for which DF (x , y) = ||x − y ||22 . (1pt)

Observe that we need a function F so that
DF (x , y) = ||x − y ||22 =

∑
i (xi − yi )

2 =
∑

i x
2
i + y2

i − 2xiyi

Let F (x) = ||x ||22 =
∑

i x
2
i .

⇒ ∇F (x) = (2x1, . . . , 2xn) = 2x .

Then,
DF (x , y) =F (x)− F (y)− ⟨∇F (y), x − y⟩ (1)

=
∑
i

x2
i −

∑
i

y2
i − ⟨2y , x − y⟩ (2)

=
∑
i

x2
i −

∑
i

y2
i − ⟨2y , x⟩+ ⟨2y , y⟩ (3)

=
∑
i

x2
i + y2

i − 2xiyi , (4)

as required



Question 3

Let F : K → R be a convex, differentiable function, and let x , y , z ∈ K . Prove
that ⟨∇F (y)−∇F (z), y − x⟩ = DF (x , y) + DF (y , z)− DF (x , z)

DF (x , y) + DF (y , z)− DF (x , z) (5)

= F (x)− F (y)− ⟨∇F (y), x − y⟩+ F (y)− F (z)− ⟨∇F (z), y − z⟩+ (6)

− (F (x)− F (z)− ⟨∇F (z), x − z⟩) (7)

= −⟨∇F (y), x − y⟩ − ⟨∇F (z), y − z⟩ − ⟨∇F (z),−x + z⟩ (8)

= ⟨∇F (y), y − x⟩ − ⟨∇F (z), y⟩+ ⟨∇F (z), z⟩ − ⟨∇F (z),−x⟩ − ⟨∇F (z), z⟩
(9)

= ⟨∇F (y), y − x⟩ − ⟨∇F (z), y − x⟩ (10)

= ⟨∇F (y)−∇F (z), y − x⟩ (11)



Question 4

Let f (x) = x2 − a. Show that Newton’s method leads to the recurrence
xn+1 = 1

2

(
xn +

a
xn

)
Since f ′(x) = 2x , we obtain

xn+1 = xn −
f (xn)

f ′(xn)
(12)

= xn −
x2
n − a

2xn
(13)

= xn −
xn
2

+
a

2xn
(14)

=
1
2

(
xn +

a

xn

)
(15)



Question 5

Let f : Rn → R a function and define f̃ : Rn → R as f̃ (x) = f (Ax + b) where
A ∈ Rn×n is an invertible matrix and b ∈ Rn. Verify that if x0 moves to x1 by
applying one step of Newton’s method with respect to f̃ , then y0 = Ax0 + b

moves to y1 = Ax1 + b by applying one step of Newton’s method with respect
to f . (2pts)

Recall. ∇f̃ (x) = AT∇f (Ax + b) ⇒ ∇2 f̃ (x) = AT∇2f (Ax + b)A

From x0, we apply one step of Newton’s method with respect to f̃ :

x1 = x0 −
(
∇2 f̃ (x0)

)−1
· ∇f̃ (x0) (16)

= x0 − A−1 (∇2f (Ax0 + b)
)−1

AT−1
· AT∇f (Ax0 + b) (17)

= x0 − A−1 (∇2f (Ax0 + b)
)−1 · ∇f (Ax0 + b) (18)

⇒ Ax1 + b = Ax0 + b −
(
∇2f (Ax0 + b)

)−1 · ∇f (Ax0 + b) (19)
From y1, we apply one step of Newton’s method with respect to f :

y1 = y0 −
(
∇2f (y0)

)−1 · ∇f (y0) (20)

= Ax0 + b −
(
∇2f (Ax0 + b)

)−1 · ∇f (Ax0 + b) (21)



Question 6

Let f : Rn → R be a strictly convex function. Prove that the function x 7→
Df (x , y) for a fixed y ∈ Rn is strictly convex. (2pts)

Let y ∈ Rn be fixed, x , z ∈ Rn and θ ∈ [0, 1].

We want to show that
Df (θx + (1 − θ)z , y)

< θDf (x , y) + (1 − θ)Df (z , y)

= θ [f (x)− f (y)− ⟨∇f (y), x − y⟩] + (1 − θ) [f (z)− f (y)− ⟨∇f (y), z − y⟩]
= θ [f (x)− ⟨∇f (y), x⟩] + (1 − θ) [f (z)− ⟨∇f (y), z⟩]− f (y)− ⟨∇f (y),−y⟩

By definition of Df and strongly convexity of f,
Df (θx + (1 − θ)z , y)

= f (θx + (1 − θ)z)− f (y)− ⟨∇f (y), θx + (1 − θ)z − y⟩
< θf (x) + (1 − θ)f (z)− f (y)− ⟨∇f (y), θx + (1 − θ)z − y⟩
= θf (x) + (1 − θ)f (z)− f (y)− θ⟨∇f (y), x⟩ − (1 − θ)⟨∇f (y), z⟩ − ⟨∇f (y),−y⟩,
as desired



Question 6, second option

Let f : Rn → R be a strictly convex function. Prove that the function x 7→
Df (x , y) for a fixed y ∈ Rn is strictly convex. (2pts)

Suppose that the function is twice differentiable.

Then,

Df (x , y) = f (x)− f (y)− ⟨∇f (y), x − y⟩
∇xDf (x , y) = ∇f (x)−∇f (y)

∇2
x,xDf (x , y) = ∇2f (x) ≻ 0



Question 7

Prove that for all p ∈ ∆n, DKL(p, p
1) ⩽ log n. Here p1 is the uniform probability

distribution with p1
i = 1

n for i = 1, . . . , n. (2pts)

Recall. DKL(p, q) = −
∑n

i=1 pi log
qi
pi

.

DKL(p, p
1) = −

n∑
i=1

pi log
p1
i

pi
(22)

= −
n∑

i=1

pi log
1
npi

(23)

=
n∑

i=1

pi log npi (24)

⩽
n∑

i=1

pi log n (25)

= log n ·
n∑

i=1

pi (26)

= log n (27)
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