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Exercise 1 (1pt, from last week). Give a description for the polar of an ellipsoid.

Exercise 2 (2pts). A matrix M ∈ Rn×n that is symmetric is called copositive if for all x ∈ Rn
≥0, we have

xTMx ≥ 0. Let Cn denote the set of n× n copositive matrices.

(a) Prove that the set Cn is closed and convex.

(b) Let G = (V,E) be a simple and undirected graph. Prove that the following is a convex program:

mint∈R t

s.t. Mii = t− 1 ∀i ∈ V,

Mij = −1 ∀ij /∈ E,

M ∈ Cn.

(c) Prove that the optimum value of the above convex program is α(G), where α(G) is the size of the largest

independent set in G.

Exercise 3 (1pt). Prove that the conjugate of the exponential function is

e∗(t) =


t log t− t if t > 0,

0 if t = 0,

+∞ if t < 0.

.

Exercise 4 (2pts). Consider the optimization problem

min x2 + 1

s.t. (x− 2)(x− 4) ≤ 0

with variable x ∈ R.

(a) Analysis of primal problem. Give the feasible set, the optimal value, and the optimal solution.

(b) Lagrangian and dual function. Plot the objective x2 + 1 versus x. On the same plot, show the feasible set,

optimal point and value, and plot the Lagrangian L(x, λ) versus x for a few positive values of λ. Verify the

lower bound property, that is, y∗ ≥ infx L(x, λ) for λ ≥ 0. Derive and sketch the Lagrange dual function g.

(c) Lagrange dual problem. State the dual problem, and verify that it is a concave maximization problem. Find

the dual optimal value and dual optimal solution λ∗. Does strong duality hold?

Exercise 5 (1pt). Let us consider the following functions:

f1(w1, w2) = 1
2w

2
1 + 7

2w
2
2

f2(w1, w2) = 100(w2 − w2
1)2 + (1− w1)2 (Rosenbrock′sfunction)

f3(w1, w2) = 1
2w

2
1 + w1 cosw2.

(a) Calculate the gradient of the functions.

(b) Determine the global minimum of the functions.

(c) Are these function convex?
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Exercise 6 (1pt). Let f be a convex function over the convex set C. Show that if x is an interior point of C,

then there exists a subgradient at x, that is, there is a direction g ∈ Rn such that f(y) ≥ f(x) + 〈g, y − x〉.

Exercise 7 (2pts). Let G = (V,E) be an undirected graph and let B be the |E| × |V | matrix such that the

ith row corresponds to the ith edge. Let the ith edge be uv. Then the ith row of B is χu − χv, where χu is

the vector in R|V | with one in the uth position and zero otherwise. The |V | × |V | matrix L defined by BTB is

called the Laplacian matrix of the graph.

(a) Prove that L = D−A, where D is the diagonal degree matrix (i.e. Dv,v = deg(v)), and A is the adjacency

matrix of the graph (i.e. Au,v = 1 if uv ∈ E).

(b) Show that the all-1 vector is in the kernel of A.

(c) Prove that when the graph is connected, the kernel is just the one-dimensional space spanned by the all-1

vector.
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